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Space-based gravitational-wave detectors consist of a triangle of three spacecraft, which makes it
possible to detect polarization modes of gravitational waves due to the motion of the detectors in space. In
this paper we explore the ability of Taiji to detect the polarization modes in the parametrized post-

Einsteinian framework. Assuming massive black hole binaries with the total mass of M = 4 x 10° M at
redshift of z = 1, we find that Taiji can measure the dipole and quadruple emission (Aap/ap and Aay/ag)

with the accuracy of up to ~0.04%, with the fiducial value of ap = 0.001, the scalar transverse and
longitudinal modes (Aag and Aqa;) up to ~0.01, and the vector modes (Aay) up to ~0.0005.
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I. INTRODUCTION

So far, general relativity (GR) has passed a large number
of experiments from solar system and binary pulsars [1-3].
Recently, the direct detections of gravitational waves
(GWs) with advanced LIGO allow us to test GR in
strong-field regime [4,5]. In GR, GWs contain only two
transverse-traceless polarization modes [6]. However, in
alternative theories of gravity, GWs can have up to six
polarization modes [6—8]. For example, in Brans-Dicke
theory there exists one scalar polarization mode in addition
to the two transverse-traceless modes of GR [9], while in
f(R) gravity or screened modified gravity there are two
additional scalar polarization modes [10-14]. Einstein-
Aether theory predicts the existence of scalar and vector
polarization modes [15-17], while generalized tensor-
vector-scalar theories, such as TeVeS theory, predict the
existence of all 6 polarization modes [18,19]. Therefore, the
probe of the additional polarization modes allows us to
capture deviations from GR [20].

However, it is hard to detect the additional polarization
modes of GWs from compact binary coalescence signals
with advanced LIGO because its two detectors are co-
oriented [21,22]. The future ground-based detector network
of advanced LIGO with advanced Virgo, KAGRA, and
LIGO India, has the ability of probing additional polari-
zation modes [23,24]. Recently, it is pointed out that a
single third-generation ground-based detector could be
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regarded as a virtual detector network due to a long signal
and the Earth’s rotation, whose time-varying antenna
pattern functions play an important role in testing GW
polarizations [25]. Additional polarizations can also be
tested from transient burst GWs [26], continuous GWs
[27], and stochastic GWs [20,28,29]. In addition, the space-
based GW detectors, such as LISA [30] and Taiji [31],
consist of a triangle of three spacecraft in orbit around the
Sun, which make it possible to detect the additional
polarization modes of GWs due to the motion of the
detectors in space [32,33]. In our analysis, we focus on
massive black hole binaries (MBHBS).

MBHBs are one of the main targets of space-based GW
observatories, which are expected to be detected with
extremely high signal-to-noise ratios (SNRs), so the main
purpose of this paper is to investigate the potential con-
straints on additional polarization modes of GWs with
Taiji using the inspiral phase of MBHBs. To make our
analysis model-independent, we use the parametrized post-
Einsteinian (ppE) formalism, developed in Refs. [34,35] to
parametrize the effects on the non-GR polarization modes
in modified gravity theories. Although the ppE formalism
can describe the most well-motivated modified gravity,
such as Brans-Dicke theory, massive gravity, and bimetric
theory, it cannot parametrize all kinds of deviations from
GR [34]. The scope of the application of the ppE formalism
is discussed in detail in Ref. [23].

The paper is organized as follows. In Sec. II, we describe
the leading order time-domain ppE waveforms for MBHBs.
In Sec. 111, the response signal of Taiji is obtained by using
the rigid adiabatic approximation. In Sec. IV, we calculate
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the root-mean-square errors of the ppE parameters by using
the Fisher matrix method. The last section is devoted to
conclusions. Throughout this paper, we use units with
G = c =1, where G is the gravitational constant and c is
the speed of light.

II. PARAMETRIZED POST-EINSTEINIAN
WAVEFORM

In general, GWs have six polarization modes: two
transverse-traceless modes [plus (4) and cross (x)], two
vector longitudinal modes (U and V), a scalar transverse
breathing mode (B), and a scalar longitudinal mode (L).
The wave tensor with all six polarization modes can be
written as

H(7) = hy(t)e™ + h, ()€ + hy(1)eY + hy(1)e”
+ hg(t)eB + hy (1)er, (1)

where €4 (A = +, x, U, V,B, L) are the polarization ten-
sors and /1, are the waveforms of the polarization modes.
Following [36] we work in the heliocentric right-handed
orthogonal reference frame (&, 9,2). In such a frame, the
Sun is located at the origin of the coordinates, the x-axis is
in the direction of vernal equinox, and the z-axis is parallel
to the orbital angular momentum of the Earth. For a GW
propagating in the k direction, the bases of the source
reference frame can be written as

k = —sin 6 cos g3 — sin O sin 9 — cos 62,
it = cos 0 cos ¢px + cos 0 sin ¢py — sin 62,
D = sin X — cos ¢y, (2)

where (6,¢) is the sky location of the source on the
celestial sphere. Then the polarization tensors in (1) are
given by

et = et cos 2y — e sin 2y,
€ = et sin2y + e* cos 2y,

U Vv

€’ =e” cosy — e’ siny,

e" = eVsiny +e¥ cosy,

€8 = eB,

el =el, (3)

where  is the polarization angle and the six basis tensors
are [28]

e =1QuL-7Q 7,
=01+ Q® i,
el =01@k+k® i,
e = @k+k® D,
e =iQ@ut+i®0,
el =k ® k. (4)

In Ref. [35], the extended ppE formalism is proposed to
construct model-independent tests of GR, including all GW
polarization modes. The amplitude and phase of GWs can
be obtained from the metric perturbation and energy
evolution, respectively. Following Refs. [37-39], we
assume that the tensor modes (4, x) are dominated by
quadrupole radiation and the four additional polarization
modes (U, V, B, L) are dominated by dipole radiation. In
Ref. [35], it is pointed out that dipole radiation leads to a
term of —1PN order in the waveform relative to one from
quadrupole radiation. In our analysis, the inspiral is
observed for 60 days before it reaches the innermost stable
circular orbit (ISCO). In the inspiral phase the contributions
from dipole radiation are about ten times larger than those
from quadrupole radiation. Hence, for the four additional
polarization modes (U, V, B, L), which arise due to the
modifications to GR, we only consider dipole radiation in
the inspiral phase. However, since GR has passed all
current experimental tests, it is reasonable to assume that
quadrupole radiation dominates over dipole radiation in the
tensor modes (4, x). So, to leading order the waveforms in
the ppE framework can be written as [39]

2
h, = %(Ma))zﬁ(l + cos? 1) cos (2@ + 2@),

h, = % (Mw)?3 cos tsin (2D + 2dy),

hy = aV/LVl (Mw)'/3 cosicos (@ + @),

hy = “Vi\/l (M) sin (@ + @),

hg = aB/LVl (Mw)'3 sinicos (@ + ®y),

hy = aL/LM (Mw)'3sinicos (@ + @), (5)

where ay, ag, ; are the dimensionless ppE parameters, d;
is the luminosity distance, M = M#y3/? is the chirp mass
with the symmetric mass ratio # = m,m,/M?, and the total
mass M = m;| + m,, 1 is the inclination angle, @ is the
orbital phase of the binary, and @, is the initial orbital
phase. It is reported in [35] that for quadrupole radiation the
inclination dependence in the waveforms is sin’: for the
scalar modes, sin: for the U mode, and sin2: for the V
mode while for dipole radiation, the inclination dependence
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is sin ¢ for the scalar modes, cos for the U mode, and 1 for
the V mode. Following [39], we have assumed that
quadrupole radiation dominates in the tensor modes (+,
%) and dipole radiation dominates in the four additional
polarization modes (U, V, B, L) in Eq. (5). Furthermore,
the phase of dipole radiation is equal to the orbital phase
while the phase of quadrupole radiation is equal to twice.
The evolution of orbital angular frequency is given by [39]

62—? = ap? S Ma® + ag M3 Pell/3, (6)
where ap and a characterize the dipole and quadrupole
contribution to the frequency evolution, respectively. The
|

R +/w(t) dw
0 o Ao Ma + aQM5/3a)”/3

form of apy?>M in Eq. (6) is chosen so that aj is
dimensionless. In a specific theory the parameters ap and
ap may relate to ay, ag, a; [35]. To make our analysis
independent of a specific model, we treat the ppE param-
eters (ap, ag, ay, ag, ar) as independent, so that we
underestimated the constraints on the ppE parameters. In
the GR case, ap =ay =ag =a; =0 and ay = 96/5.
From (6), we can see that there is a degeneracy between oy
and 7. The higher-order waveforms in the ppE framework
are required to break such a degeneracy.

Since Eq. (6) does not have an explicit solution for w(z),
following Ref. [39], we can get #(w)

_to

(072 - wg?) 3a2QM1/3< 1 1 )

- M ay, - 2,16/50% 23 _w(z)/3

BagM3 11 1
+ 4/5 2 4/3 473 +
4n*Pan  \w w,

3./\/la3Q *PoPay + M2/3aQ
85,4 108 53 2/
2n°PPap, Py, aD+M/aQ

(7)

where wy = w(1) is the initial orbital angular frequency. The orbital phase is

O(1) = D, + /'w(z)dt

B w(t wdw
=@y + a2 Ma? Y EPE
Ion ph w’ + (215} [0)

(07" —wp")

3ap M3 11 1
o (i)

api?S M b w3 a)(l)/3

where @) = ®(1,) is the initial orbital phase [39].

1. METHOD

For space-based GW detectors such as LISA and Taiji,
the motion of the spacecraft in orbit around the Sun will
introduce multiple modulations on the GW signals. In what
follows we focus on Taiji. Under the rigid adiabatic
approximation [36], the Michelson output with the space-
craft 1 as a synthesized detector can be written as

h(t) = R(F (. f(£)) - H(E)), ©)

where M denotes the real part, a:b = a**b

- and

F(t.£() = 2 [(Fa(t) ® Pa() T (1), £(£))

= (F13(1) ® 713(1)) T (713(1), £(£))]- (10)

[\

5/2
ay’n

S s (LMY _ (L))

(8)
I
The transfer function is [36]
T(05(0.6) = 5 [sine (521 =70 1))
X exp <—l];§§*) (34 7(2) - l%))
" smc@;*) (1+7,(1)- 1%))
X exp(—i];(fi) (14 74(2) l%))}, (11)

where sinc(x) =sin(x)/x, &(f) =t —k-x(¢), and f, =
1/(2zL) with the arm-length of Taiji L = 3 x 10° m. The
coordinates x(7) of the three spacecraft in the heliocentric
reference frame is given by [36]
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x(t) = Rcosa + %BR[COS(ZG —p) —3cos fj,
y(t) = Rsina + %eR[sin(20! - p) —3sinfp],
2(t) = —V/3eR cos(a — ), (12)

where R = 1 AU, e = L/(2+/3R) is the orbit eccentricity,
a=2xf,t+x with f, =1/year, and f=2an/3+ 21
(n =0, 1, 2). Here x and A are the initial ecliptic longitude
and orientation of the spacecraft, respectively. The direction
from the spacecraft i to the spacecraft j is described by

o X0 = xi(1)
Fii(t) = 7 (13)
With the time-domain signal A(¢), we can get the Fourier
transform of the signal by using the stationary phase
approximation [40]. The GW parameters in the ppE

framework are
)\,: {tc,(DO,G,dJ,l//,l,M,dL,aD,aQ,aV,aB,aL}. (14)

Such a parameter set is different from the one in Ref. [39],
in which the parameters are dimensionful.

We use the Fisher matrix method to explore the ability of
Taiji to detect deviations from GR. The method is based on
computing the inverse of the Fisher matrix, known as the
variance-covariance matrix. The diagonal elements of the
variance-covariance matrix are maximum likelihood
estimators of the variance of parameters around the true
value in the case of a large SNR [41].

The Fisher information matrix is defined as

oh Oh
b= (a7 87) (15)

where the noise-weighted inner product is

0) =2 ["apBOEGLEEDHD

Here S,(f) is the noise power spectral density of Taiji
[42—44]. If the noise is Gaussian and stationary, the root-
mean-square error in A; is

AL =/ (T, (17)
where I'"! is the inverse of the Fisher matrix. In our
analysis, we use two Michelson channels and the combined

Fisher matrix is a sum of two Fisher matrices.

IV. RESULTS

To investigate the ability of Taiji to detect the additional
polarization modes, we focus on the parameter estimation

of the five ppE parameters (ap, g, ag, ay, a;) with
the fiducial values of ap = 0.001,' ay = 19.2, ay =0,
ap = 0, and @; = 0. We consider equal-mass MBHBs with
the total mass of M = 4 x 10° M, in the source frame at
redshift of z = 1. The corresponding luminosity distance
can be calculated in a spatially-flat ACDM Universe with
the matter density parameter ,, = 0.3 and Hubble con-
stant Hy = 67 kms~! Mpc~!. We consider only the inspi-
ral phase of MBHBs, neglecting all information coming
from the merger and the ringdown phases. In our analysis
the coalescence time is chosen to be 60 days which means
the inspiral is observed for 60 days before it reaches the
ISCO. The upper cutoff frequency is the ISCO frequency
(632aM)' = 10.99 mHz for M =4 x10° M. The
value of the lower frequency is 0.2427 mHz, which can
be obtained by solving Eq. (7).

A. Inclination angle

Setting 6 = n/4, ¢ =z, and w = 0.1, we generate 50
equal-mass MBHBs with the inclination angle from : = 0
to z. Figure 1 shows the errors in the five ppE parameters
and SNRs as a function of the inclination angle.

From Fig. 1 we see that the measurements of ap, @y, and
ay are better when 1 = 0 or z (face-on) with larger SNRs
than the case of 1 = z/2 (edge-on). However, the meas-
urement errors in ap and «; increase when the inclination
angle approaches 0 or z. This is because the sin: depend-
ence of the waveforms in Eq. (5) implies that for the scalar
modes (B and L), the signal for the edge-on binary is
stronger than the face-on binary. Actually, in the helio-
centric frame, the signals contain the effects of the relative
orientation and motion of the sources and the detectors by
the response functions. Therefore, the errors in az and oy,
have a local maximum at 1 ~ 7z/2, as shown in the top-right
panel of Fig. 1. Our further calculations indicate that the
local maximum disappears for sources with some special
sky locations. Since the fiducial values of the five ppE
parameters are chosen in GR with only the + and x modes,
as expected, the SNR for the face-on binary is larger than
the edge-on one. With Taiji, Aap/ap and Aay/ag can be
measured with the accuracy of up to ~0.04%, Aag and Aa;,
up to ~0.01, and Aay up to ~0.0005.

B. Polarization angle

We generate 50 equal-mass MBHB sources in the range
of 0 <y < &, with the fixed values of @ = 7 /4, ¢ = x, and
1 = n/4. Figure 2 shows the errors in the five ppE
parameters and SNRs as a function of the polarization
angle.

The y dependence of the polarization tensors in Eq. (3)
indicates that for the 4 and x modes the signal has a period

1Although ap vanishes in GR, in our analysis ap = 0.001 is
chosen to avoid the divergence of (7) and (8).
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FIG. 1.
M =4 x 10° Mg, at redshift of z = 1.

of z/2 while for vector modes the period is z. In our
fiducial values of the ppE parameters, the SNR is deter-
mined by the + and x modes. This is why the SNRs vary
with a period of z/2 and the errors in ay vary with a period
of z in Fig. 2. The errors in ay, a are small for large SNRs
with the same period. The top-right panel of Fig. 2 shows
that the errors in @z and a; vary with a period of z. Unlike
the other modes, the scalar modes do not explicitly depend
on the polarization angle as we can see in Eq. (3). The
errors in ag and a; depend on the polarization angle via
correlations among other parameters, which depend on .
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C. Sky location

Assuming 1 =7z/4 and w =0.1, we generate 400
equal-mass MBHB sources with different sky locations
O<0<nm 0<¢<2r) to illustrate the sky-location
dependence of the errors in the five ppE parameters and
SNRs in Fig. 3.

We find the errors in aj, and ay become small for large
SNRs as a function of the sky location. This is the case as a
function of the inclination angle in Sec. IVA and as a
function of the polarization angle in Sec. IV B. However,
for the other three ppE parameters, ap, a;, and ay, the
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FIG. 2. Errors in the five ppE parameters and SNRs as a function of the polarization angle.
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FIG. 3. Sky-location dependence of the errors in the five ppE parameters and SNRs.

parameter errors become large for large SNRs as a function
of the sky location. Based on the analysis of the ground-
based detector’s response for the different polarization
modes in Refs. [23,28], the detector is insensitive to the
vector modes and scalar modes in the direction sensitive to

the + and x modes, and vice versa. Although the response
of the space-based detector includes the relative motion
between the detector and the source, this result is still valid
as shown in middle panels and bottom panels of Fig. 3,
so in the direction with large SNRs, determined by + and x
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modes, the errors in ag, a;, and ay are large. Since the
fiducial values of the ppE parameters are chosen in
GR, as expected, the sky-location dependence of
the SNRs is consistent with the result of LISA [45].
Note that the parameter errors and SNRs are predominantly
axisymmetric.

D. Fiducial values

Now, we study the effects of the fiducial values on our
results. We choose the fiducial values of ap, ap —19.2, a3,
a;,and ay in the range from 1075 to 1073, For ag, ap, a, and
ay, the errors in the five ppE parameters are almost
unchanged. For ap, the errors in ap, a;, and ay are almost
unchanged, but the errors in a;, and ay depend on the fiducial
value of aj,. Choosing the fiducial values of ap, = 1075, 1074,
and 1073, we obtain Aap/ap =~ 7.10 x 1072, 1.09 x 1077,
and 3.42 x 10™;and Aay/ap ~ 1.19 x 107'1,8.60 x 1078,
and 4.75 x 1074, respectively. This implies that the estimated
errors in ap and a depend strongly on the fiducial value of
ap. The errors in ap and @ become small for small fiducial
values of a,. This is because ap, appears in the denominator in
the Fisher matrices due to the derivative of the phase function
(8) with respect to ap and @y, which makes the results
sensitive to the value of «,. Therefore, the value of «, affects
the measurement errors in @, and @y, but the values of a, a,
ay, and ay do not affect the measurement errors.

V. CONCLUSIONS

We have investigated the ability of Taiji to detect the
additional polarization modes of GWs by using the ppE
waveforms for the inspiral phase of MBHBs. The Fisher
matrix method is used to compute the parameter errors in
the five ppE parameters, ap, @y, ag, ay, and a;. In our
analysis, the fiducial values of the ppE parameters are
set in the GR case. The coalescence time is chosen to be
60 days for equal-mass MBHBs with the total mass of
M = 4 x 10° M, at redshift of z = 1. Moreover, we have
studied the behavior of the parameter errors as functions of
the inclination angle, polarization angle, and direction to
the binary, respectively.

The behavior of Aay, /ay, is the same as that of Aay /a, as
functions of 1, y, and the sky location. Both Aap/ap and
Aag/ay become small for large SNRs, which can be
measured with the accuracy of up to ~0.04%, with the
fiducial value of @ = 0.001. Although the waveforms of the

scalar transverse and longitudinal modes in the ppE frame-
work are the same in Eq. (5), the polarization tensors and
response functions help us to break their degeneracy.
However, for the ground-based detector, the arm length is
much smaller than the wavelength of GWs [f < f, =1/
(27L)]. In this case, the transfer function 7 [7;(z), f(£)] ~ 1
[36]. Due to such a trivial transfer function the breathing and
longitudinal scalar modes are completely degenerated [28].
Compared to the ground-based detector, the transfer function
of the space-based detector contains much information which
can break the degeneracy. For Taiji, the transfer frequency
f+ = 15.9 mHz. In our analysis, we only consider the inspiral
phase of MBHBs with the total mass of M = 4 x 10° M,
choosing the upper cutoff frequency of 10.99 mHz. This is the
reason why the patterns are very similar between the breathing
and longitudinal modes in the middle panels of Fig. 3. In real
data analysis, the addition of the merger and ringdown phases
will significantly improve measurements of the scalar polari-
zation modes. Therefore the behavior of Aay is similar to that
of Aa; as functions of the inclination angle, polarization
angle, and sky location. The measurement accuracy of up to
0.01 can be achieved. Compared to the scalar polarization
modes, GWs in the inspiral phase of MBHBs are sensitive to
the vector polarization modes, which is measured with the
accuracy of up to 0.0005.

We do not know the true values of the ppE parameters in
advance. In fact, we obtained the measurement accuracy of
the ppE parameters with Taiji. If the values of the ppE
parameters predicted by a specific modified theory of
gravity are less than the errors derived in this paper, we
can say Taiji does not rule out the theory. If the predicted
values are larger than the estimation errors, the additional
polarization modes are expected to be detected by Taiji.
Here we emphasize that this is not the case for aj and oy
due to the dependence of Aaj and Aaqy on the fiducial
value of ap.
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